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Maximally Modulated Singular Integral Operators
and their Applications to Pseudodifferential Operators
on Banach Function Spaces
Alexei Yu. Karlovich
Abstract. We prove that if the Hardy-Littlewood maximal operator is boun-
ded on a separable Banach function space X(Rn) and on its associate space
X′(Rn) and a maximally modulated Caldero´n-Zygmund singular integral oper-
ator TΦ is of weak type (r, r) for all r ∈ (1,∞), then TΦ extends to a bounded
operator on X(Rn). This theorem implies the boundedness of the maximally
modulated Hilbert transform on variable Lebesgue spaces Lp(·)(R) under nat-
ural assumptions on the variable exponent p : R → (1,∞). Applications of
the above result to the boundedness and compactness of pseudodifferential op-
erators with L∞(R, V (R))-symbols on variable Lebesgue spaces Lp(·)(R) are
considered. Here the Banach algebra L∞(R, V (R)) consists of all bounded
measurable V (R)-valued functions on R where V (R) is the Banach algebra of
all functions of bounded total variation.
1. Introduction
In this paper we will be concerned with the boundedness of maximally mod-
ulated Caldero´n-Zygmund singular integral operators and its applications to the
boundedness of pseudodifferential operators with non-regular symbols on separable
Banach function spaces.
Let us define the main operators we are dealing with. Let L∞0 (R
n) and C∞0 (R
n)
denote the sets of all bounded functions with compact support and all infinitely
differentiable functions with compact support, respectively. A Caldero´n-Zygmund
operator is a linear operator T which is bounded on L2(Rn) such that for every
f ∈ L∞0 (R
n),
(Tf)(x) :=
∫
Rn
K(x, y)f(y) dy for a.e. x ∈ Rn \ supp f,
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where supp f denotes the support of f . The kernel
K : Rn × Rn \ {(x, x) : x ∈ Rn} → C
is assumed to satisfy the following standard conditions:
|K(x, y)| ≤
c0
|x− y|n
for x 6= y
and
|K(x, y)−K(x, y′)|+ |K(y, x)−K(y′, x)| ≤
c0|y − y
′|τ
|x− y|n+τ
for |x − y| > 2|y − y′|, where c0 and τ are some positive constants independent
of x, y, y′ ∈ Rn (see, e.g., [G09, Section 8.1.1]). The most prominent example of
Caldero´n-Zygmund operators is the Hilbert transform defined for f ∈ L∞0 (R) by
(Hf)(x) :=
1
pi
v.p.
∫
R
f(y)
x− y
dy = lim
ε→0
1
pi
∫
R\I(x,ε)
f(y)
x− y
dy, x ∈ R,
where I(x, ε) := (x− ε, x+ ε).
Suppose Φ = {φα}α∈A is a family of measurable real-valued functions indexed
by an arbitrary set A. Then for every φα ∈ A, the modulation operator is defined
by
(Mφαf)(x) := e−iφα(x)f(x), x ∈ Rn.
Following [GMS05] (see also [DPL13]), the maximally modulated singular integral
operator TΦ of the Caldero´n-Zygmund operator T with respect to the family Φ is
defined for f ∈ L∞0 (R
n) by
(TΦf)(x) := sup
α∈A
|T (Mφαf)(x)|, x ∈ Rn.
This definition is motivated by the fact that the maximally modulated Hilbert
transform
(Cf)(x) := (HΨf)(x) with Ψ := {ψα(x) = αx : α, x ∈ R}
is closely related to the continuous version of the celebrated Carleson-Hunt theorem
on the a.e. convergence of Fourier series (see, e.g., [D91, Chap. 2, Section 2.2],
[G09, Chap. 11], and [MS13, Chap. 7]). In [GMS05, DPL13] the operator C
is called the Carleson operator, however in [G09, Section 11.1] and in [MS13,
Section 7.1] this term is used for two different from C and each other operators.
For f ∈ C∞0 (R), consider the maximal singular integral operator given by
(1.1) (S∗f)(x) := sup
−∞<a<b<+∞
∣∣(S(a,b)f)(x)∣∣ , x ∈ R,
where S(a,b)f is the integral analogue of the partial sum of the Fourier series given
by
(S(a,b)f)(x) :=
1
2pi
∫ b
a
f̂(λ)eixλ dλ, x ∈ R,
and
f̂(λ) := (Ff)(λ) :=
∫
R
f(x)e−ixλdx, λ ∈ R,
is the Fourier transform of f . It is not difficult to see that if f ∈ C∞0 (R), then
(1.2) (S∗f)(x) ≤ (Cf)(x) for a.e. x ∈ R.
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For a suitable function a on R × R, a pseudodiffferential operator a(x,D) is
defined for a function f ∈ C∞0 (R) by the iterated integral
(1.3) (a(x,D)f)(x) :=
1
2pi
∫
R
dλ
∫
R
a(x, λ)ei(x−y)λf(y) dy, x ∈ R.
The function a is called the symbol of the pseudodifferential operator a(x,D).
Our results on the above mentioned operators will be formulated in terms of
the Hardy-Littlewood maximal function, which we define next. Let 1 ≤ r < ∞.
Given f ∈ Lrloc(R
n), the r-th maximal operator is defined by
(Mrf)(x) := sup
Q∋x
(
1
|Q|
∫
Q
|f(y)|rdy
)1/r
, x ∈ Rn,
where the supremum is taken over all cubes Q containing x. Here, and throughout,
all cubes will be assumed to have their sides parallel to the coordinate axes and |Q|
will denote the volume of Q. For r = 1 this is the usual Hardy-Littlewood maximal
operator, which will be denoted by M .
Let f ∈ L1loc(R
n). For a cube Q ⊂ Rn, put
fQ :=
1
|Q|
∫
Q
f(x)dx.
The Fefferman-Stein sharp maximal operator f 7→M#f is defined by
(M#f)(x) := sup
Q∋x
1
|Q|
∫
Q
|f(x)− fQ|dx, x ∈ R
n,
where the supremum is taken over all cubes Q containing x.
Banach function spaces X(Rn) will be defined in Section 2. This is a wide class
of spaces including rearrangement-invariant (r.i.) Lebesgue, Orlicz, and Lorentz
spaces, as well as non-r.i. variable Lebesgue spaces Lp(·)(Rn). The main feature
of these spaces is the so-called lattice property: if |f(x)| ≤ |g(x)| for a.e. x ∈ Rn,
then ‖f‖X(Rn) ≤ ‖g‖X(Rn). In Section 2 we collect preliminaries prepare the proof
of main results given in Section 3. Let us briefly describe them.
The boundedness of maximally modulated Caldero´n-Zygmund operators TΦ on
weighted Lebesgue spaces was studied by Grafakos, Martell, and Soria [GMS05]. A
quantitative version of their results was obtained recently by Di Plinio and Lerner
[DPL13]. We show that a pointwise inequality for the sharp maximal function
of TΦ obtained in [GMS05, Proposition 4.1], combined with the Fefferman-Stein
inequality for Banach function spaces due to Lerner [L10, Corollary 4.2], and with
the self-improving property of the Hardy-Littlewood maximal function on Banach
function spaces obtained by Lerner and Pe´rez [LP07, Corolary 1.3], imply the
boundedness of TΦ on a separable Banach function space X(Rn) under the natural
assumptions that M is bounded on X(Rn), M is bounded on its associate space
X ′(Rn), and TΦ is of weak type (r, r) for all r ∈ (1,∞) (see Theorem 3.1). Notice
that the latter hypothesis is satisfied for the maximally modulated Hilbert transform
C. This gives the boundedness of C on X(R) (see Corollary 3.3). From here and
the pointwise estimate (1.2) we also get the boundedness of the operator S∗ on
separable Banach functions spaces such that M is bounded on X(R) and on X ′(R)
(see Lemma 4.2).
Section 4 is devoted to applications of the above results to the bounded-
ness of pseudodifferential operators with non-regular symbols on Banach function
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spaces. Note that the boundedness of a(x,D) with smooth (regular) symbols in
Ho¨rmander’s and Miyachi’s classes on separable Banach function spaces was stud-
ied in [K-A14] (see also [KS13]). On the other hand, Yu. Karlovich [K-Yu07]
introduced the class L∞(R, V (R)) of bounded measurable V (R)-valued functions
on R where V (R) is the Banach algebra of all functions of bounded total variation.
Symbols in L∞(R, V (R)) may have jump discontinuities in both variables. By us-
ing the boundedness of the operator S∗ on L
p(R) for 1 < p < ∞, Yu. Karlovich
[K-Yu07, Theorem 3.1] proved the boundedness of a(x,D) with a ∈ L∞(R, V (R))
on Lp(R) for 1 < p < ∞. Later on he extended this result to weighted Lebesgue
spaces Lp(R, w) with Muckenhoupt weights w (see [K-Yu12, Theorem 4.1]). One
of the important ingredients of those proofs is the pointwise inequality
|(a(x,D)f)(x)| ≤ 2(S∗f)(x)‖a(x, ·)‖V , x ∈ R,
for f ∈ C∞0 (R). From this inequality and the boundedness of S∗ we obtain the
boundedness of a(x,D) on separable Banach function spaces X(R) under the as-
sumption that M is bounded on X(R) and X ′(R) (see Theorem 4.3).
In Section 5 we specify the above results to the case of variable Lebesgue spaces
Lp(·)(Rn). If the variable exponent p : Rn → [1,∞] is bounded away from one and
infinity, then in view of Diening’s theorem [D05, Theorem 8.1], the boundedness
of M is equivalent to the boundedness of M on its associate space. Hence all
above results have simpler formulations in the case of variable Lebesgue spaces (see
Section 5).
We conclude the paper with a sufficient condition for the compactness of pseu-
dodifferential operators a(x,D) with L∞(R, V (R))-symbols on variable Lebesgue
spaces Lp(·)(R) (see Corollary 6.5). This result is obtained from Yu. Karlovich’s
result [K-Yu07, Theorem 4.1] for standard Lebesgue spaces by transferring the
compactness property from standard to variable Lebesgue spaces with the aid of
the Krasnosel’skii-type interpolation theorem (see Section 6.2).
2. Preliminaries
2.1. Banach function spaces. The set of all Lebesgue measurable complex-
valued functions on Rn is denoted byM. LetM+ be the subset of functions inM
whose values lie in [0,∞]. The characteristic function of a measurable set E ⊂ Rn
is denoted by χE and the Lebesgue measure of E is denoted by |E|.
Definition 2.1 ([BS88, Chap. 1, Definition 1.1]). Amapping ρ :M+ → [0,∞]
is called a Banach function norm if, for all functions f, g, fn (n ∈ N) inM
+, for all
constants a ≥ 0, and for all measurable subsets E of Rn, the following properties
hold:
(A1) ρ(f) = 0⇔ f = 0 a.e., ρ(af) = aρ(f), ρ(f + g) ≤ ρ(f) + ρ(g),
(A2) 0 ≤ g ≤ f a.e. ⇒ ρ(g) ≤ ρ(f) (the lattice property),
(A3) 0 ≤ fn ↑ f a.e. ⇒ ρ(fn) ↑ ρ(f) (the Fatou property),
(A4) |E| <∞⇒ ρ(χE) <∞,
(A5) |E| <∞⇒
∫
E
f(x) dx ≤ CEρ(f)
with CE ∈ (0,∞) which may depend on E and ρ but is independent of f .
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When functions differing only on a set of measure zero are identified, the set
X(Rn) of all functions f ∈ M for which ρ(|f |) < ∞ is called a Banach function
space. For each f ∈ X(Rn), the norm of f is defined by
‖f‖X(Rn) := ρ(|f |).
The set X(Rn) under the natural linear space operations and under this norm
becomes a Banach space (see [BS88, Chap. 1, Theorems 1.4 and 1.6]).
The norm of a bounded sublinear operatorA on a Banach function spaceX(Rn)
will be denoted by ‖A‖B(X(Rn)).
If ρ is a Banach function norm, its associate norm ρ′ is defined on M+ by
ρ′(g) := sup
{∫
Rn
f(x)g(x) dx : f ∈M+, ρ(f) ≤ 1
}
, g ∈M+.
It is a Banach function norm itself [BS88, Chap. 1, Theorem 2.2]. The Banach
function space X ′(Rn) determined by the Banach function norm ρ′ is called the
associate space (Ko¨the dual) of X(Rn). The Lebesgue space Lp(Rn), 1 ≤ p ≤ ∞,
are the archetypical example of Banach function spaces. Other classical examples
of Banach function spaces are Orlicz spaces, rearrangement-invariant spaces, and
variable Lebesgue spaces Lp(·)(Rn).
2.2. Density of bounded and smooth compactly supported functions
in separable Banach function spaces. The proof of the following fact is stan-
dard. For details, see [KS14, Lemma 2.10(b)], where it was proved for n = 1. The
proof for arbitrary n is a minor modification of that one.
Lemma 2.2. The sets L∞0 (R
n) and C∞0 (R
n) are dense in a separable Banach
function space X(Rn).
2.3. Nonnegative sublinear operators on Banach function spaces.
The operators TΦ, C, and S(a,b) although nonlinear, are examples of sublinear
operators that assume only nonnegative values. Let us give a precise definition of
this class of operators. Let D be a linear subspace ofM. An operator T : D →M
is said to be nonnegative sublinear (cf. [BS88, p. 230]) if
(2.1) 0 ≤ T (f + g) ≤ Tf + Tg, T (λf) = |λ|Tf a.e. on Rn
for all f, g ∈ D and all constants λ ∈ C. The following result is well known for
linear operators. With the property
|Tf − Tg| ≤ |T (f − g)| = T (f − g), f, g ∈ D,
which is an immediate consequence of (2.1), essentially the same proof establishes
the result also for nonnegative sublinear operators.
Lemma 2.3. Let D be a dense linear subspace of a Banach function space
X(Rn) and T : D → M be a nonnegative sublinear operator. If there exists a
positive constant C such that
‖Tf‖X(Rn) ≤ C‖f‖X(Rn) for all f ∈ D,
then T has a unique extension to a nonnegative sublinear operator T˜ : X(Rn)→M
such that
‖T˜ f‖X(Rn) ≤ C‖f‖X(Rn) for all f ∈ X(R
n).
In what follows we will use the same notation for an operator defined on a
dense subspace and for its bounded extension to the whole space.
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2.4. Self-improving property of maximal operators on Banach func-
tion spaces. If 1 < q <∞, then from the Ho¨lder inequality one can immediately
get that
(Mf)(x) ≤ (Mrf)(x) for a.e. x ∈ R
n.
Thus, the boundedness of any Mr, 1 < r <∞, on a Banach function space X(R
n)
immediately implies the boundedness of M . A partial converse of this fact, called
a self-improving property of the Hardy-Littlewood maximal operator, is also true.
It was proved by Lerner and Pe´rez [LP07] (see also [LO10] for another proof) in
a more general setting of quasi-Banach function spaces.
Theorem 2.4 ([LP07, Corollary 1.3]). Let X(Rn) be a Banach function space.
Then M is bounded on X(Rn) if and only if Mr is bounded on X(R
n) for some
r ∈ (1,∞).
2.5. The Fefferman-Stein inequality for Banach function spaces. It is
obvious that M#f is pointwise dominated by Mf . Hence, by Axiom (A2),
‖M#f‖X(Rn) ≤ const‖f‖X(Rn) for f ∈ X(R
n)
whenever M is bounded on X(Rn). The converse inequality for Lebesgue spaces
Lp(Rn), 1 < p <∞, was proved by Fefferman and Stein (see [FS72, Theorem 5] and
also [S93, Chap. IV, Section 2.2]). The following extension of the Fefferman-Stein
inequality to Banach function spaces was proved by Lerner [L10].
Let S0(R
n) be the space of all measurable functions f on Rn such that
|{x ∈ Rn : |f(x)| > λ}| <∞ for all λ > 0.
Theorem 2.5 ([L10, Corollary 4.2]). Let M be bounded on a Banach function
space X(Rn). Then M is bounded on its associate space X ′(Rn) if and only if there
exists a constant C# > 0 such that, for all f ∈ S0(R
n),
‖f‖X(Rn) ≤ C#‖M
#f‖X(Rn).
2.6. Pointwise inequality for the sharp maximal function of TΦ. Let
1 ≤ r <∞. Recall that a sublinear operator A : Lr(Rn)→M is said to be of weak
type (r, r) if
|{x ∈ Rn : |(Af)(x)| > λ}| ≤
Cr
λr
∫
Rn
|f(y)|r dy
for all f ∈ Lr(Rn) and λ > 0, where C is a positive constant independent of f and
λ. It is well known that if A is bounded on the standard Lebesgue space Lr(Rn),
then it is of weak type (r, r).
Grafakos, Martell, and Soria [GMS05] developed two alternative approaches
to weighted Lr estimates for maximally modulated Caldero´n-Zygmund singular
integral operators TΦ. One is based on good-λ inequalities, another rests on the
following pointwise estimate for the sharp maximal function of TΦ.
Lemma 2.6 ([GMS05, Proposition 4.1]). Suppose T is a Caldero´n-Zygmund
operator and Φ = {φα}α∈A is a family of measurable real-valued functions indexed
by an arbitrary set A. If TΦ is of weak type (r, r) for some r ∈ (1,∞), then there
is a positive constant Cr such that for every f ∈ L
∞
0 (R
n),
M#(TΦf)(x) ≤ CrMrf(x) for a.e. x ∈ R
n.
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3. Maximally modulated singular integrals on Banach function spaces
3.1. Boundedness of maximally modulated Caldero´n-Zygmund sin-
gular integral operators on Banach function spaces. We are in a position to
prove the main result of the paper.
Theorem 3.1. Let X(Rn) be a separable Banach function space. Suppose the
Hardy-Littlewood maximal operator M is bounded on X(Rn) and on its associate
space X ′(Rn). Suppose T is a Caldero´n-Zygmund operator and Φ = {φα}α∈A is a
family of measurable real-valued functions indexed by an arbitrary set A. If TΦ is
of weak type (r, r) for all r ∈ (1,∞), then TΦ extends to a bounded operator on the
space X(Rn).
Proof. We argue as in the proof of [K-A14, Theorem 1.2]. Since M is
bounded on X(Rn), by Theorem 2.4, there is an r ∈ (1,∞) such that the max-
imal function Mr is bounded on X(R
n), that is, there is a positive constant C such
that
(3.1) ‖(Mrϕ)‖X(Rn) ≤ C‖ϕ‖X(Rn) for all ϕ ∈ X(R
n).
Assume that f ∈ C∞0 (R
n). By the hypothesis, TΦ is of weak type (r, r) and M is
bounded on X ′(Rn). Therefore, TΦf ∈ S0(R
n). Moreover, by Theorem 2.5, there
exists a positive constant C# such that
(3.2) ‖TΦf‖X(Rn) ≤ C#‖M
#(TΦf)‖X(Rn) for all f ∈ C
∞
0 (R
n).
From Lemma 2.6 and Axioms (A1)–(A2) we conclude that there exists a positive
constant Cr such that
(3.3) ‖M#(TΦf)‖X(Rn) ≤ Cr‖Mrf‖X(Rn) for all f ∈ C
∞
0 (R
n).
Combining inequalities (3.1)–(3.3), we arrive at
‖TΦf‖X(Rn) ≤ CC#Cr‖f‖X(Rn) for all f ∈ C
∞
0 (R
n).
To conclude the proof, it remains to recall that C∞0 (R
n) is dense in the separable
Banach function space X(Rn) in view of Lemma 2.2 and apply Lemma 2.3. 
3.2. Boundedness of the maximally modulated Hilbert transform on
standard Lebesgue spaces. Fix f ∈ L1loc(R). Let H∗ be the maximal Hilbert
transform given by
(H∗f)(x) := sup
ε>0
∣∣∣∣∣ 1pi
∫
R\I(x,ε)
f(y)
x− y
dy
∣∣∣∣∣ ,
where I(x, ε) = (x−ε, x+ε). Further, let C∗ be the maximally modulated maximal
Hilbert transform (called also the maximal Carleson operator) defined by
(C∗f)(x) := sup
a∈R
(H∗(M
ψaf))(x) with ψa(x) = ax, a, x ∈ R.
It is easy to see that
(3.4) (Cf)(x) ≤ (C∗f)(x), x ∈ R.
The boundedness of the operator C∗ on the standard Lebesgue spaces L
r(R) is
proved, e.g., in [G09, Theorem 11.3.3] (see also [K-Yu12, Theorem 2.7]). From
this observation and (3.4) we get the following result (see also [D91, Theorem 2.1]
and [K-Yu12, Theorem 2.8]).
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Lemma 3.2. The maximally modulated Hilbert transform C is bounded on every
standard Lebesgue space Lr(R) for 1 < r <∞.
3.3. Boundedness of the maximally modulated Hilbert transform on
separable Banach function spaces. From Theorem 3.1 and Lemma 3.2 we im-
mediately get the following.
Corollary 3.3. Let X(R) be a separable Banach function space. Suppose
the Hardy-Littlewood maximal operator M is bounded on X(R) and on its asso-
ciate space X ′(R). Then the maximally modulated Hilbert transform C extends to
a bounded operator on X(R).
4. Boundedness of pseudodifferential operators
with non-regular symbols on Banach function spaces
4.1. Functions of bounded total variation. Let a be a complex-valued
function of bounded total variation V (a) on R where
V (a) := sup
{
n∑
k=1
|a(xk)− a(xk−1)| : −∞ < x0 < x1 < · · · < xn < +∞, n ∈ N
}
Hence at every point x ∈ R˙ := R ∪ {∞} the one-sided limits
a(x± 0) = lim
t→x±
a(t)
exist, where a(±∞) = a(∞∓0), and the set of discontinuities of a is at most count-
able (see, e.g., [N55, Chap. VIII, Sections 3 and 9]). Without loss of generality we
will assume that functions of bounded total variation are continuous from the left
at every discontinuity point x ∈ R˙. The set V (R) of all continuous from the left
functions of bounded total variation on R is a unital non-separable Banach algebra
with the norm
‖a‖V := ‖a‖L∞(R) + V (a).
By analogy with V (a) = V +∞−∞ (a), one can define the total variations V
d
c (a),
V c−∞(a), and V
+∞
d (a) of a function a : R → C on [c, d], (−∞, c], and [d,+∞),
taking, respectively, the partitions
c = x0 < x1 < · · · < xn = d, −∞ < x0 < x1 < · · · < xn = c,
and d = x0 < x1 < · · · < xn < +∞.
4.2. Non-regular symbols of pseudodifferential operators. Following
[K-Yu07, K-Yu12], we denote by L∞(R, V (R)) the set of functions a : R×R→ C
such that â : x 7→ a(x, ·) is a bounded measurable V (R)-valued function on R. Note
that in view of non-separability of the Banach space V (R), the measurability of â
means that the map â : R → V (R) possesses the Luzin property: for any compact
set K ⊂ R and any δ there is a compact set Kδ ⊂ K such that |K \Kδ| < δ and
â is continuous on Kδ (see, e.g., [S67, Chap. IV, Section 4, p. 487]). This implies
that the function x 7→ a(x, λ± 0) for all λ ∈ R˙ and the function x 7→ ‖a(x, ·)‖V are
measurable on R as well. Note that for almost all x ∈ R the limits a(x, λ ± 0) the
limits exist for all λ ∈ R˙, a(x, λ) = a(x, λ− 0) for all λ ∈ R and we put
a(x,±∞) := lim
λ→±∞
a(x, λ).
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Therefore, the functions a(·, λ±0) for every λ ∈ R˙ and the function x 7→ ‖a(x, ·)‖V ,
where
‖a(x, ·)‖V := ‖a(x, ·)‖L∞(R) + V (a(x, ·)),
belong to L∞(R). Clearly, L∞(R, V (R)) is a unital Banach algebra with the norm
‖a‖L∞(R,V (R)) = ess sup
x∈R
‖a(x, ·)‖V .
4.3. Pointwise inequality for pseudodifferential operators. The follow-
ing pointwise estimate was obtained by Yuri Karlovich in the proof of [K-Yu07,
Theorem 3.1] and [K-Yu12, Theorem 4.1].
Lemma 4.1. If a ∈ L∞(R, V (R)) and f ∈ C∞0 (R), then∣∣(a(x,D)f)(x)∣∣ ≤ 2(S∗f)(x)‖a(x, ·)‖V for a.e. x ∈ R.
4.4. Boundedness of the maximal singular integral operator S∗ on
separable Banach function spaces. We continue with the following result on
the boundedness of the maximal singular integral operator S∗ initially defined for
f ∈ C∞0 (R) by (1.1).
Lemma 4.2. Let X(R) be a separable Banach function space. Suppose the
Hardy-Littlewood maximal operator M is bounded on X(R) and on its associate
space X ′(R). Then the operator S∗, defined for the functions f ∈ C
∞
0 (R) by (1.1),
extends to a bounded operator on the space X(R).
Proof. Fix f ∈ C∞0 (R). It is not difficult to check (see, e.g., [D91, Chap. 2,
Section 2.2] and also [G09, p. 475]) that
(S(a,b)f)(x) =
i
2
{
M−ψa
(
H(Mψaf)
)
(x) −M−ψb
(
H(Mψbf)
)
(x)
}
, x ∈ R,
where ψa(x) = ax, ψb(x) = bx and −∞ < a < b < +∞. Therefore,
(S∗f)(x) = sup
−∞<a<b<∞
|(S(a,b)f)(x)|
≤
1
2
sup
a∈R
∣∣(H(Mψaf))(x)∣∣ + 1
2
sup
b∈R
∣∣(H(Mψbf))(x)∣∣
= (Cf)(x), x ∈ R.
From this inequality, Axioms (A1)-(A2), and Corollary 3.3 we get
‖S∗f‖X(R) ≤ ‖Cf‖X(R) ≤ ‖C‖B(X(R))‖f‖X(R) for f ∈ C
∞
0 (R).
It remains to apply Lemma 2.2. 
4.5. Boundedness of pseudodifferential operators with L∞(R, V (R))
symbols on Banach function spaces. We are ready to prove the boundedness
result for pseudodifferential operators with non-regular symbols on separable Ba-
nach function spaces.
Theorem 4.3. Let X(R) be a separable Banach function space. Suppose the
Hardy-Littlewood maximal operator M is bounded on X(R) and on its associate
space X ′(R). If a ∈ L∞(R, V (R)), then the pseudodifferential operator a(x,D),
defined for the functions f ∈ C∞0 (R) by the iterated integral (1.3), extends to a
bounded linear operator on the space X(R) and
‖a(x,D)‖B(X(R)) ≤ 2‖S∗‖B(X(R))‖a‖L∞(R,V (R)).
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Proof. From Lemma 4.1, axioms (A1)-(A2), and Lemma 4.2 we obtain for
f ∈ C∞0 (R),
‖a(x,D)f‖X(R) ≤ 2‖S∗f‖X(R) ess sup
x∈R
‖a(x, ·)‖V
≤ 2‖S∗‖B(X(R))‖a‖L∞(R,V (R))‖f‖X(R).
Since C∞0 (R) is dense in the space X(R) in view of Lemma 2.2, from the above
estimate we arrive immediately at the desired conclusion. 
5. Boundedness of maximally modulated Caldero´n-Zygmund operators
and pseudodifferential operators with non-regular symbols
on variable Lebesgue spaces
5.1. Variable Lebesgue spaces. Let p : Rn → [1,∞] be a measurable a.e.
finite function. By Lp(·)(Rn) we denote the set of all complex-valued functions f
on R such that
Ip(·)(f/λ) :=
∫
Rn
|f(x)/λ|p(x)dx <∞
for some λ > 0. This set becomes a Banach function space when equipped with the
norm
‖f‖p(·) := inf
{
λ > 0 : Ip(·)(f/λ) ≤ 1
}
.
It is easy to see that if p is constant, then Lp(·)(Rn) is nothing but the standard
Lebesgue space Lp(Rn). The space Lp(·)(Rn) is referred to as a variable Lebesgue
space.
We will always suppose that
(5.1) 1 < p− := ess inf
x∈Rn
p(x), ess sup
x∈Rn
p(x) =: p+ <∞.
Under these conditions, the space Lp(·)(Rn) is separable and reflexive, and its as-
sociate space is isomorphic to Lp
′(·)(Rn), where
1/p(x) + 1/p′(x) = 1 for a.e. x ∈ Rn
(see e.g. [CF13, Chap. 2] or [DHHR11, Chap. 3]).
5.2. The Hardy-Littlewood maximal function on variable Lebesgue
spaces. By BM (R
n) denote the set of all measurable functions p : Rn → [1,∞]
such that (5.1) holds and the Hardy-Littlewood maximal operator is bounded on
the variable Lebesgue space Lp(·)(Rn).
To provide a simple sufficient conditions guaranteeing that p ∈ BM (R
n), we
need the following definition. Given a function r : Rn → R, one says that r is
locally log-Ho¨lder continuous if there exists a constant C0 > 0 such that
|r(x) − r(y)| ≤
C0
− log |x− y|
for all x, y ∈ Rn such that |x − y| < 1/2. One says that r : Rn → R is log-Ho¨lder
continuous at infinity if there exist constants C∞ and r∞ such that for all x ∈ R
n,
|r(x) − r∞| ≤
C∞
log(e+ |x|)
.
The class of functions r : Rn → R that are simultaneously locally log-Ho¨lder con-
tinuous and log-Ho¨lder continuous at infinity is denoted by LH(Rn). From [CF13,
Proposition 2.3 and Theorem 3.16] we extract the following.
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Theorem 5.1. Let p ∈ LH(Rn) satisfy (5.1). Then p ∈ BM (R
n).
Although the latter result provides a nice sufficient condition for the bound-
edness of the Hardy-Littlewood maximal operator on the variable Lebesgue space
Lp(·)(Rn), it is not necessary. Notice that all functions in LH(Rn) are continuous
and have limits at infinity. Lerner [L05] (see also [CF13, Example 4.68]) proved
that if p0 > 1 and µ ∈ R is sufficiently close to zero, then the following variable
exponent
p(x) = p0 + µ sin(log log(1 + max{|x|, 1/|x|})), x 6= 0,
belongs to BM (R). It is clear that the function p does not have limits at zero
or infinity. We refer to the recent monographs [CF13, DHHR11] for further
discussions concerning the fascinating and still mysterious class BM (R
n).
We will need the following remarkable result proved by Diening [D05, Theo-
rem 8.1] (see also [DHHR11, Theorem 5.7.2] and [CF13, Corollary 4.64]).
Theorem 5.2. We have p ∈ BM (R
n) if and only if p′ ∈ BM (R
n).
5.3. Boundedness of maximally modulated Caldero´n-Zygmund sin-
gular integral operators on variable Lebesgue spaces. From Theorems 3.1
and 5.2 we immediately get the following.
Corollary 5.3. Let p ∈ BM (R
n). Suppose T is a Caldero´n-Zygmund operator
and Φ = {φα}α∈A is a family of measurable real-valued functions indexed by an
arbitrary set A. If TΦ is of weak type (r, r) for all r ∈ (1,∞), then TΦ extends to
a bounded operator on the variable Lebesgue space Lp(·)(Rn).
In turn, Corollary 5.3 and Lemma 3.2 yield the following.
Corollary 5.4. If p ∈ BM (R), then the maximally modulated Hilbert trans-
form C extends to a bounded operator on the variable Lebesgue space Lp(·)(R).
5.4. Boundedness of pseudodifferential operators with L∞(R, V (R))
symbols on variable Lebesgue spaces. Combining Lemma 4.2 with Theo-
rem 5.2 we arrive at the following.
Corollary 5.5. Suppose p ∈ BM (R). Then the operator S∗, defined for the
functions f ∈ C∞0 (R) by (1.1), extends to a bounded operator on the variable
Lebesgue space Lp(·)(R).
From Theorems 4.3 and 5.2, taking into account Corollary 5.5, we get the
following.
Corollary 5.6. If p ∈ BM (R) and a ∈ L
∞(R, V (R)), then the pseudodiffer-
ential operator a(x,D), defined for the functions f ∈ C∞0 (R) by the iterated integral
(1.3), extends to a bounded linear operator on the space Lp(·)(R) and
‖a(x,D)‖B(Lp(·)(R)) ≤ 2‖S∗‖B(Lp(·)(R))‖a‖L∞(R,V (R)).
6. Compactness of pseudodifferential operators with non-regular
symbols on variable Lebesgue spaces
6.1. Compactness of pseudodifferential operators with L∞(R, V (R))
symbols on standard Lebesgue spaces. We start with the case of constant
exponents.
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Theorem 6.1 ([K-Yu07, Theorem 4.1]). Let 1 < r <∞. If a ∈ L∞(R, V (R))
and
(a) a(x,±∞) = 0 for almost all x ∈ R;
(b) lim
|x|→∞
V (a(x, ·)) = 0;
(c) for every N > 0,
lim
L→+∞
ess sup
|x|≤N
(
V −L−∞(a(x, ·)) + V
+∞
L (a(x, ·))
)
= 0;
then the pseudodifferential operator a(x,D) is compact on the standard Lebesgue
space Lr(R).
6.2. Transferring the compactness property from standard Lebesgue
spaces to variable Lebesgue spaces. For a Banach space E, let L(E) and
K(E) denote the Banach algebra of all bounded linear operators and its ideal of all
compact operators on E, respectively.
Theorem 6.2. Let pj : R
n → [1,∞], j = 0, 1, be a.e. finite measurable
functions, and let pθ : R
n → [1,∞] be defined for θ ∈ [0, 1] by
1
pθ(x)
=
θ
p0(x)
+
1− θ
p1(x)
, x ∈ Rn.
Suppose A is a linear operator defined on Lp0(·)(Rn) + Lp1(·)(Rn).
(a) If A ∈ L(Lpj(·)(Rn)) for j = 0, 1, then A ∈ L(Lpθ(·)(Rn)) for all θ ∈ [0, 1]
and
‖A‖L(Lpθ(·)(Rn)) ≤ 4‖A‖
θ
L(Lp0(·)(Rn))‖A‖
1−θ
L(Lp1(·)(Rn))
.
(b) If A ∈ K(Lp0(·)(Rn)) and A ∈ L(Lp1(·)(Rn)), then A ∈ K(Lpθ(·)(Rn)) for
all θ ∈ (0, 1).
Part (a) is proved in [DHHR11, Corollary 7.1.4] under the more general as-
sumption that pj may take infinite values on sets of positive measure (and in the
setting of arbitrary measure spaces). Part (b) follows from a general interpolation
theorem by Cobos, Ku¨hn, and Schonbeck [CKS92, Theorem 3.2] for the complex
interpolation method for Banach lattices satisfying the Fatou property. Indeed, the
complex interpolation space [Lp0(·)(Rn), Lp1(·)(Rn)]1−θ is isomorphic to the variable
Lebesgue space Lpθ(·)(Rn) (see [DHHR11, Theorem 7.1.2]), and Lpj(·)(Rn) have
the Fatou property (see [DHHR11, p. 77]).
The following characterization of the class BM (R
n) was communicated to the
authors of [KS13] by Diening.
Theorem 6.3 ([KS13, Theorem 4.1]). If p ∈ BM (R
n), then there exist con-
stants p0 ∈ (1,∞), θ ∈ (0, 1), and a variable exponent p1 ∈ BM (R
n) such that
(6.1)
1
p(x)
=
θ
p0
+
1− θ
p1(x)
, x ∈ Rn.
From the above two theorems we obtain the following result, which allows us
to transfer the compactness property from standard Lebesgue spaces to variable
Lebesgue spaces.
Lemma 6.4. Let A ∈ L(Lp(·)(Rn)) for all p ∈ BM (R
n). If A ∈ K(Lr(Rn)) for
some r ∈ (1,∞), then A ∈ K(Lp(·)(Rn)) for all p ∈ BM (R
n).
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Proof. By the hypothesis, the operatorA is bounded on all standard Lebesgue
spaces Lr(Rn) with 1 < r < ∞. From the classical Krasnosel’skii interpolation
theorem (Theorem 6.2(b) with constant exponents) it follows that A ∈ K(Lr(Rn))
for all 1 < r < ∞. If p ∈ BM (R
n), then in view of Theorem 5.2 there exist
p0 ∈ (1,∞), θ ∈ (0, 1), and a variable exponent p1 ∈ BM (R
n) such that (6.1) holds.
Since A ∈ L(Lp1(·)(Rn)) and A ∈ K(Lp0(Rn)), from Theorem 6.2(b) we obtain
A ∈ K(Lp(·)(Rn)). 
6.3. Compactness of pseudodifferential operators with L∞(R, V (R))
symbols on variable Lebesgue spaces. Combining Corollary 5.6 and Theo-
rem 6.1 with Lemma 6.4, we arrive at our last result.
Corollary 6.5. Suppose p ∈ BM (R). If a ∈ L
∞(R, V (R)) satisfies the hy-
potheses (a)–(c) of Theorem 6.1, then the pseudodifferential operator a(x,D) is
compact on the variable Lebesgue space Lp(·)(R).
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